Abstract. Here we state a conjecture concerning a local version of Brunella's alternative: any codimension one foliation in (C 3 , 0) without germ of invariant surface has a neighborhood of the origin formed by leaves containing a germ of analytic curve at the origin. We prove the conjecture for the class of codimension one foliations whose reduction of singularities is obtained by blowingup points and curves of equireduction and such that the final singularities are free of saddle-nodes. The concept of "partial separatrix" for a given reduction of singularities has a central role in our argumentations, as well as the quantitative control of the generic Camacho-Sad index in dimension three. The "nodal components" are the only possible obstructions to get such germs of analytic curves. We use the partial separatrices to push the leaves near a nodal component towards compact diacritical divisors, finding in this way the desired analytic curves.
Introduction
In this paper we improve the main statements in [11] concerning a local version of Brunella's alternative for germs of codimension one holomorphic foliations.
We know that any non dicritical germ of codimension one foliation F in (C 3 , 0) always has an invariant germ of analytic surface, as proved in [7] (the result is also true in higher ambient dimension [10] ). Following a local version of Brunella's alternative [15] and a conjecture of D. Cerveau [14] we ask whether any germ of codimension one foliation F over (C 3 , 0) without invariant germ of surface satisfies the following property:
There is an open neighborhood U of 0 ∈ C 3 such that any leaf of F | U contains a germ of analytic curve at the origin. In view of the main result in [6] , any germ of codimension one foliation F in (C 3 , 0) admits a reduction of singularities π : (M, π −1 (0)) → (C 3 , 0).
Using the arguments in [7] , we see that if F is without germ of invariant surface then there is a compact dicritical component D in the exceptional divisor E of π (this means that D is an irreducible surface contained in π −1 (0) and transversal to the transformed foliation π * F ).
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We develop our study inside the class of germs of codimension one foliations of Complex Hyperbolic type, for short CH-foliations. We recall [11] that a germ of codimension one foliation F in (C n , 0) is a CH-foliation if for any generically transversal map φ : (C 2 , 0) → (C n , 0) the transformed foliation φ * F has no saddle-nodes in its reduction of singularities, that is φ * F is a generalized curve in the sense of [2] . If n = 3, given a reduction of singularities π of F , we have a CH-foliation if and only if there are no saddle-nodes among the singularities of π * F of dimensional type two. We borrow the terminology of D. Cerveau in [13] , where "complex hyperbolic" stands for simple singularities in dimension two that are not saddle-nodes.
Although in this paper we only consider a particular class of codimension one foliations, we believe that there are enough reasons to state the following conjecture:
"Any germ F of CH-foliation on (C 3 , 0) without germ of invariant analytic surface satisfies (⋆)".
Our general strategy to prove the conjecture is to show that all the leaves "go" to a compact dicritical component after reduction of singularities. In fact, if L is a leaf of π * F intersecting a compact dicritical component D at a point p, we can find a germ of analytic curve (γ, p) ⊂ L and the image (π(γ), 0) is the desired germ of analytic curve. As we have shown in [11] , the main obstruction to following this strategy is the existence of a certain type of uninterrupted nodal components. They are a threedimensional version of the "nodal separators" introduced by Mattei and Marín in [19] ; they have also been recently considered by Camacho and Rosas [3] in the study of local minimal invariant sets in dimension two. Now, the natural procedure is to prove that any uninterrupted nodal component goes to a compact dicritical component, carrying the leaves with it, and thus it does not produce an obstruction to property (⋆). Indeed, it is necessary to assume that the foliation has no invariant germ of surface. We interpret this fact after reduction of singularities by observing that all the partial separatrices also go to a compact dicritical component.
The relationship between uninterrupted nodal components and partial separatrices is the main argument we use in this paper to obtain a proof of the conjecture for a particular class of CH-foliations on (C 3 , 0). Let us explain what are the uninterrupted nodal components and the partial separatrices for a given reduction of singularities π of a CH-foliation F of (C 3 , 0). First of all, we quickly recall the final situation after reduction of singularities [6, 7] .
The exceptional divisor E of π is a normal crossings divisor and the singular locus Singπ * F is a finite union of irreducible nonsingular curves having normal crossings with E. Any point p ∈ Singπ * F has dimensional type τ p ∈ {2, 3}, which corresponds to the number of variables needed to locally describe the foliation.
If τ p = 2, there are local coordinates (x, y, z) at p such that π * F is given by
(1) dy y − (λ + φ(x, y)) dx x = 0, φ(0, 0) = 0, λ ∈ C \ Q ≥0
and moreover (x = 0) ⊂ E inv ⊂ (xy = 0), where E inv is the union of the invariant irreducible components of E. Note that xy = 0 are invariant surfaces for F and that the singular locus Singπ * F is (x = y = 0) locally at p. The transversal type of π * F at p is the germ of foliation T p in (C 2 , 0) given by Equation (1) .
Let Γ be the only irreducible curve of Singπ * F passing through p. We know that T p = T q for any q ∈ Γ with τ q = 2. Thus T p = T Γ is the transversal type of Γ. We say that Γ is nodal if λ ∈ R >0 ; in this case the transversal type is linearizable of the form d(y/x λ ) = 0. If λ ∈ R <0 , we say that Γ is a real saddle and if λ ∈ C \ R we say that Γ is a complex saddle.
At a point q of dimensional type three, the foliation π * F is locally given by dx x + (λ + φ(x, y, z)) dy y + (µ + ψ(x, y, z)) dz z = 0 where φ(0, 0, 0) = ψ(0, 0, 0) = 0 and λ, µ ∈ C \ Q ≤0 , µ/λ ∈ C \ Q ≤0 . Moreover (xy = 0) ⊂ E inv ⊂ (xyz = 0).
Note that the coordinate planes xyz = 0 are invariant surfaces and Singπ * F = (x = y = 0) ∪ (x = z = 0) ∪ (y = z = 0).
Thus there are exactly three curves Γ 1 , Γ 2 , Γ 3 of Singπ * F arriving at q. Up to reordering, we have the following five possibilities:
(1) Γ 1 , Γ 2 are nodal curves and Γ 3 is a real saddle.
(2) Γ 1 is a nodal curve and Γ 2 , Γ 3 are complex saddles. (3) Γ 1 , Γ 2 and Γ 3 are real saddles. (4) Γ 1 is a real saddle and Γ 2 , Γ 3 are complex saddles.
(5) Γ 1 , Γ 2 and Γ 3 are complex saddles. We define an uninterrupted nodal component N ⊂ Singπ * F as any connected union of nodal curves such that at each point q of dimensional type three there are exactly two curves Γ 1 , Γ 2 ⊂ N through q (we have the first case in the list above). We say that N is incomplete if it intersects the compact dicritical part of the exceptional divisor. As we have seen in [11] , if N is incomplete the leaves "supported" by N contain a germ of analytic curve. We have also obtained the following result: Thus, the conjecture is proved once we assure that there is a reduction of singularities such that any uninterrupted nodal component is incomplete.
Let us now introduce the concept of partial separatrix. We say that a curve Γ ⊂ Singπ * F is a trace curve if it is contained in only one invariant irreducible component of the exceptional divisor E. Otherwise, the curve is the intersection of two invariant irreducible components of E and it is a corner curve. By definition, a partial separatrix C is any connected component of the union of trace curves. We say that C is complete if it does not intersect the compact dicritical part of E, otherwise, we say it is incomplete.
Following Cano-Cerveau's argumentations as in [7] , given a partial separatrix C we find a germ of invariant surface
supported by C. The inclusion above is closed if and only if C is complete. In this case we find by direct image a germ of surface (π(S), 0) invariant for F . Hence, we conclude: If F has no invariant germ of analytic surface, all the partial separatrices are incomplete. The incomplete partial separatrices are the "guides" we use to take the uninterrupted nodal components to a compact dicritical component of the exceptional divisor. To do this, we need an accurate control of the transitions of the Camacho-Sad indices along the curves in the singular locus from one component of the exceptional divisor to another. This quantitative analysis focused on the partial separatrices is in contrast with the qualitative and combinatorial arguments we used in [11] to obtain the first results concerning the conjecture.
In this paper we prove the conjecture for the case of special relatively isolated complex hyperbolic germs F of codimension one foliations in (C 3 , 0). We precise the definitions in the next sections, but roughly speaking, this means that we can perform a reduction of singularities by blowing-up points until we reach a situation of equireduction along non compact curves, which we resolve by blowingup only curves. This class of foliations contains both the cases of equireduction and the foliations associated to absolutely isolated singularities of surfaces. There are previous works on absolutely isolated singularities of vector fields [1] or on foliations desingularized by punctual blow-ups [9] ; also, the results of Sancho de Salas in [22] concern these conditions very closely.
The main result of this paper is:
) without germ of invariant analytic surface satisfies property (⋆).
Theorem 1 improves the results in [11] . What we know from [11] is that if we take a complete nodal component N , then the projection of N contains at least one of the germs of curve of SingF in (C 3 , 0). In this way we have a criterion for the non existence of complete uninterrupted nodal components by looking at generic points of the germs of curve in SingF .
We prove Theorem 1 by showing that all the uninterrupted nodal components are incomplete. The argument is based on a control of the evolution of incomplete points. They are points such that there is a "local" partial separatrix over them which is incomplete. At the final step of the reduction of singularities, all the points are complete. We find a contradiction with the existence of a complete uninterrupted nodal component N as follows. At the "birth level" of N in the sequence of reduction of singularities, we find an incomplete point in a particular situation concerning the partial separatrices through it. We prove that this situation is part of a class of scenarios which persists along the reduction of singularities. In each scenario, there is at least one incomplete point. Then "a fortiori" we find an incomplete point at the last step of the reduction of singularities and obtain the desired contradiction.
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Special Relatively Isolated CH-foliations
,
is a germ of curve, we have an equireduction sequence over (Y k , p k ) in the following sense. For any k < ℓ ≤ N − 1 we have one of the following situations:
is a germ of curve and π k,ℓ induces an isomorphism
Now, we say that a CH-foliation F over (C 3 , 0) is a special relatively isolated CH-foliation if there is a sequence S of blow-ups as above such that i) For any 0 ≤ k ≤ N − 1 the center Y k ⊂ M k of the blow-up π k+1 is contained in the locus Sing
Since F is a CH-foliation, the simple points after reduction of singularities are without saddle-nodes. Conversely, the fact that there is a reduction of singularities without saddle-nodes in the last step is enough to assure that F is a CH-foliation. We refer to [11] for more details on the definitions. Now, let us introduce some useful notations and remarks. The exceptional divisor
is the exceptional divisor of the last blow-up π k . Recall that M k is a germ over the fiber
A given irreducible component E k i may be an invariant component, if it is invariant for F k , or a dicritical component, when it is generically transversal to the foliation. We denote E k inv the union of the invariant components and E k dic the union of the dicritical ones. Recall the definition of π k,ℓ = π k+1 • π k+2 • · · · • π ℓ . For certain special cases, we adopt the following simplified notations:
We denote the final step of the reduction of singularities by
From now on, we fix a special relatively isolated CH-foliation F of (C 3 , 0) without germ of invariant analytic surface and a special relatively isolated sequence of blow-ups S performing a reduction of singularities of F .
If the first blow-up π 1 is centered at the origin 0 ∈ C 3 , we have that the fiber F k is the union E k c of the compact components of E k , for any 1 ≤ k ≤ N . As we shall explain later, the case when the first blow-up is centered in a germ of curve is of no interest to us, since in this situation the foliation F has invariant surfaces. Thus, we also suppose along the paper that π 1 is a blow-up centered at the origin and hence
Partial separatrices
Here we do a revision, adapted to our case, of the partial separatrices introduced in [11] and we briefly recall the global picture of a reduction of singularities (see [6] for more details).
Definition 1.
A partial separatrix C for F , π is any connected component of the union T of the trace curves of Sing(π * F ). We say that C is complete if it does not intersect the union E c,dic of the compact dicritical components of E. We say that C is incomplete if it does intersect E c,dic .
A partial separatrix C must be considered as a connected component of the germ (T, T ∩ F ). So it is also a germ (C, C ∩ F ). For shortness, we write C to denote the partial separatrix if there is no risk of confusion. The compact part C ∩ F of a partial separatrix is also connected and it is the union of the compact curves in C or just a single point. Example 1. Let us recall Darboux-Jouanolou's example [18] . It is the conic foliation in (C 3 , 0) given by the 1-form
The reduction of singularities consists of an initial dicritical blow-up of the origin followed by m 2 +m+1 blow-ups centered at each of the lines of the singular locus
We find 2(m 2 + m + 1) partial separatrices, all of them incomplete. Each one is a single non compact curve (C (i) , p i ), i = 1, 2, . . . , 2(m 2 + m + 1) and hence the compact part C (i) ∩ F is just the point p i .
Let C be a partial separatrix and take a point p ∈ C ∩ F . Recalling that the final singularities are complex hyperbolic, depending on the dimensional type τ = τ (π * F ; p) we find two situations:
(1) If τ = 2, there are coordinates x, y, z at p such that E inv = (x = 0), E dic ⊂ (z = 0) and
Moreover S = (y = 0) is the only invariant germ of surface for π * F at p not contained in E. (2) If τ = 3, there are coordinates x, y, z at p such that E = E inv = (xy = 0),
and Sing(π * F ) = C ∪ (x = y = 0). Moreover S = (z = 0) is the only invariant germ of surface for π * F at p not contained in E.
Gluing these situations along C as in [7] , we find a germ of surface (S C , C ∩ F ) invariant for π * F and not contained in E. Moreover, the inclusion of germs
is a closed immersion if and only if S C ∩ F = C ∩ F . On the other hand, we have
That is, we obtain a closed immersion exactly when C is a complete partial separatrix. In this case, by Grauert's Theorem of the direct image under a proper morphism, we obtain a germ of surface (π(S C ), 0) invariant for F . We conclude: Proposition 2. If F has no invariant germ of surface, then all the partial separatrices are incomplete.
To finish this section, we give a result that justifies our assumption on the first blow-up being centered at the origin. Proof. Note that we have equireduction along γ and thus the fiber F = π −1 (0) is a union of compact curves. We have the following possible cases:
(1) F contains a non invariant curve. (2) There is a dicritical component in the exceptional divisor, but all the curves in F are invariant. (3) All the components of the exceptional divisor are invariant and there is a curve Γ in F contained in the singular locus of π * F . (4) All the components of the exceptional divisor are invariant and the curves in F are not contained in the singular locus of π * F .
If there is a non invariant curve Γ ⊂ F , then Γ is necessarily contained in a dicritical component of E. Taking a generic point p ∈ Γ, the foliation π * F is non singular at p and transversal to Γ. Thus, we find a germ of invariant surface (S, p) that gives a closed immersion into (M, F ) and hence it projects onto a germ of surface (S, 0) invariant for F .
If all the curves of F are invariant but there is a dicritical component E i of E, we consider the
. By an extension of the argument of Cano-Cerveau [7] also used in [21] we can prolong (S, p) over the fiber F to find a closed immersion of a germ of invariant surface (S, F ) in (M, F ). Finally, we project it by π to obtain a germ of surface (S, 0) invariant for F . This argument is also valid for the case (3) .
Suppose now that all the irreducible components of the exceptional divisor E are invariant and the curves in F are not contained in the singular locus of π * F . This gives a non dicritical equireduction along γ in the sense of [5, 10] . In those papers it is proved that the reduction of singularities is given by the one of F | ∆ , where ∆ is a plane transverse to γ. Then, any Camacho-Sad separatrix Σ of F | ∆ induces a germ of surface (S, 0) invariant for F .
Partial separatrices at intermediate steps
Let us give some remarks and definitions concerning the behavior of partial separatrices at an intermediate step (M k , F k ) of the sequence S of reduction of singularities, with 0 ≤ k ≤ N .
Consider an irreducible compact curve Γ ⊂ M k in the singular locus SingF k . We have that Γ ⊂ F k . By the properties of the sequence S, only finitely many points of Γ will be modified in the further blow-ups π k+1 , π k+2 , . . . , π N . Thus, there is a well defined strict transform
In particular the pair F k , E k has a simple singularity at such points p.
We say that Γ is a trace curve, respectively a corner curve, if and only if Γ ′ is so. If Γ is a trace curve, there is exactly one partial separatrix C such that Γ ′ ⊂ C. We say that C is the partial separatrix asociated to Γ and we denote it by C Γ .
Let us note that C = C Γ if and only if Γ ⊂ C k .
Definition 2. Consider a point p ∈ F k and a partial separatrix C where p ∈ C k . We say that C is complete at p if for any dicritical component
is a finite union of germs of surface invariant for π * F . Taking the image by ρ k , we obtain a finite union
Remark 2. A partial separatrix C is complete, as stated in the introduction, if and only if it is complete at the origin 0 ∈ C 3 . On the other hand, any partial separatrix C is complete at the points p ∈ C ∩ F in the final step of the reduction of singularities, even if p belongs to a compact dicritical component E i of E.
Remark 3. Let p k ∈ F k be a point such that the center Y k of π k+1 is a germ of curve with p k ∈ Y k . In view of the equireduction properties of the sequence of reduction of singularities, we have that ρ
is a union of compact curves an hence it does not contain any component of E. Then any partial separatrix is complete at p k .
Remark 4. We have
Moreover, assume that π k+1 satisfies one of the following conditions:
(
The blow-up π k is non dicritical. Then the partial separatrix C is complete at p ∈ C k ∩ F k if and only if it is complete at all the points
Proof. We will do induction on N − k to prove statements a), b) and c) in this order. If k = N , we are done. Assume that k < N . Since it is a local problem at p, if p / ∈ Y k we conclude by induction. Thus, we assume that p ∈ Y k .
First case: the center of π k+1 is a germ of curve (Y k , p). We only have to prove b) and c). Note that for any compact component
and there is a point
. Assume b), we know that C is complete at p ′ and by
we conclude that there is a trace compact curve
. Assume c), we know that C is complete at p ′ and by induction hypothesis on p ′ ∈ E k+1 j we conclude that C ∩ E N j = ∅. Second case: the center of π k+1 is the point p. We first prove a). If π k+1 is a dicritical blow-up, there is a point p ′ ∈ C k+1 ∩ E k+1 k+1 . We know that C is complete at p ′ and by induction hypotesis we apply c) at p ′ to obtain that C ∩ E N k+1 = ∅. This contradicts the fact that C is complete at p. Now we prove b) and c) already assuming that π k+1 is non-dicritical. Take a point p
k+1 is compact and invariant, by induction hypothesis on
k+1 , we find a trace compact curve
is a projective line in the projective plane E k+1 k+1 . In particular there is at least one point p
. We know that C is complete at the point p ′′ s . Assume b), we apply induction hypothesis on p
We conclude by taking Γ = π k+1 (Γ ′ ). Assume c), we apply induction hypothesis on p
Remark 5. Proposition 4 can also be proved by invoking the germ of surface (S C , p) obtained in Remark 1 and considering the intersections with the corresponding compact component of E k . We have used the inductive arguments because of the general style of the paper.
Proposition 5. Let C be an incomplete partial separatrix and consider an index
Proof. Induction on N − k. If k = N we are done, since C intersects at least one compact dicritical component of the exceptional divisor. Take k < N . In order to find a contradiction, assume that C is complete at any p ∈ C k and that it does not intersect any compact dicritical component in E k . We already know that C is complete at any point in C k+1 by Remark 4. By Proposition 4, we have that if E k+1 k+1 is a compact component with E k+1 k+1 ∩ C k+1 = ∅, then E k+1 k+1 is an invariant component. This gives the desired contradiction by applying induction hypothesis.
Definition 3. We say that p ∈ F k is an incomplete point if and only if there is a partial separatrix C such that p ∈ C k and C is incomplete at p.
If there are no partial separatrices C such that p ∈ C k the point p is considered to be complete.
Transition of Camacho-Sad indices
Let us consider an irreducible compact curve Γ ⊂ F k ∩ SingF k and an invariant compact component
Note that, since Γ is compact, there are no dicritical components containing Γ.
Consider a plane section ∆ transverse to Γ at a generic point p ∈ Γ. Taking appropriate local coordinates x, y at p ∈ ∆, the restricted foliation F k | ∆ is given by a 1-form
where E k i ∩ ∆ = (x = 0), µ = 0 and φ(x, y) has a zero of order at least two at the origin. The Camacho-Sad index of F k | ∆ at p with respect to the invariant curve x = 0 is by definition the value 1/µ, see [4, 8] . We denote
This index may be calculated in any step k ′ ≥ k of the reduction of singularities and at any point of the strict transform of Γ of dimensional type two.
By the general properties of Camacho-Sad index [4] , we have that Ind(F , E i ; Γ)Ind(F , E j ; Γ) = 1.
Note that by Remark 6 the definition above does not depend on the invariant component
We are interested in considering irreducible germs of curves
In Proposition 6 we precise a relationship between the indices, counted with multiplicity, with respect to two incident compact components.
Proof. We do induction on N − k. Let us consider first the case k = N :
(1) If p is non singular, it belongs to at most one invariant component of the divisor. We have a) with B k i (p) = ∅. Thus we are done. (2) Assume that p is of dimensional type two and E j is a dicritical component. Then the singular locus is non singular at p and E j gives a section transversal to it. We are done by the definition of the generic index. (4) Assume that p is of dimensional type three. Then E j is necessarily invariant and there are local coordinates x, y, z at p such that
the plane z = 0 is invariant and the singular locus is given by Γ ∪ γ ∪ δ, where
Moreover, the foliation F is given locally at p by an integrable 1-form of the type
By the integrability condition ω ∧ dw = 0, we have
and thus
Then, we have
The desired relation is β = −α(−β/α), that is obviously satisfied. Now, suppose that k < N . If p / ∈ Y k we are done by induction; hence we assume p ∈ Y k . Moreover, the center Y k of the blow-up π k+1 cannot be a germ of curve, since there are two compact components of E k through p and Y k should have normal crossings with E k . Thus Y k = {p}. Let us give some remarks and fix notations. We put
In view of Noether's formula for the intersection multiplicity (see [17] for instance), given γ ∈ B(i; p) \ {Γ} we have
where γ ′ stands for the strict transform of γ. Let us also note that
where δ runs over the irreducible branches of Λ at q. Now, we have four cases to consider:
i) E k j is dicritical and π k+1 is a dicritical blow-up. ii) E k j is dicritical and π k+1 is a non dicritical blow-up. iii) E k j is invariant and π k+1 is a dicritical blow-up. iv) E k j is invariant and π k+1 is a non dicritical blow-up.
Assume first that
is the transform of G by the restrictioñ
of the blow-up π k+1 . In particular, by the known properties of Camacho-Sad index (see [4, 8] ) we have that
First case: π k+1 is a dicritical blow-up. Let us denote G 1 the induced foliation by
are not in the singular locus we have a bijection
given by the strict transform γ → γ ′ . Applying induction hypothesis to the points of L ′ i we deduce that
Applying induction hypothesis at p ′ as well, we have
This case is ended.
and since Ind( and E k+1 k+1 we have that
Now, we apply induction hypothesis in the statement a) referred to E k+1 k+1 and E k+1 j to obtain
and we obtain
That is
and we are done. Let us suppose finally that E 
and hence
Also, by induction hypothesis at p ′ referred to E k+1 i
and E k+1 j we have
Using Noether's formula and the equalities (2, 3) , we have
and we are done by Equation (4). Second case: π k+1 is a non dicritical blow-up. Let us denote
Now, if we take a generic plane section ∆ at p and we apply Camacho-Sad's equality to F k | ∆ after the blow-up π k+1 , we obtain −1 = 1/β + 1/ρ + ǫ.
By induction hypothesis referred to E k+1 i
and E k+1 k+1 , we have the following equality
Now, applying induction referred to E k+1 j and E k+1 k+1 , we have
and thus −α
Applying induction hypothesis at p ′ , we have
Thus, by Noether's equality, we only have to verify that
and this is evident.
Then, we have β = −αρ.
Proof. Induction on N −k. If k = N , we are done (see (4) in the proof of the case k = N in Proposition 6). Assume that k < N and p ∈ Y k as in previous proofs. We have that Y k = {p}. If the blow-up is non dicritical, we put
By induction hypothesis, we have ν = −αµ, ν = −ξβ, µ = −ξρ. That is, we have ξβ = αµ = −αξρ and thus β = −αρ.
Assume now that the blow-up is dicritical. We denote by Γ
i the strict transforms of Γ ℓ , Γ j , Γ i respectively. We also denote by
and we put I
for u = v with u, v ∈ {i, j, ℓ}. Given a germ of curve γ we denote by γ ′ the strict transform of γ, as usual. Take also the following notations
Finally, we put I
for u = v with u, v ∈ {i, j, ℓ}. By Noether's formula, we have
i , for u, v ∈ {i, j, ℓ}, u = v. Now, by applying part a) of Proposition 6 to the exceptional divisor and each of three other divisors, we have
By Proposition 6 we have
We deduce that
This implies that
−αI We deduce that 1 + αρ = α, hence 1 = α(1 − ρ), but 1 = α + β. This implies that β = −αρ as desired.
Let us consider a point p in a compact invariant component E k i of E k and a partial separatrix C. We denote by B k i (C; p) the set of germs of curve 
Corollary 2. Let us consider a point
where α = Ind(F , E k i ; Γ). Proof. We do induction on N − k as usual. If k = N we are done, by the local expression at simple points. Assume that k < N . We suppose without loss of generality that p ∈ Y k and thus the next blow-up π k+1 is centered at the point p. Since C is complete at p, the blow-up is non-dicritical. Put
k+1 . Denote as usual by γ ′ the strict transform of the germ of curve γ and put
for u ∈ {i, j}. We have that
and by induction hypothesis we know that
Also by induction hypothesis, we have
where Λ stands for the global irreducible curves Λ ⊂ E 
Indices of partial separatrices
Consider a partial separatrix C. Here we show that it is possible to define the index Ind(C; E i ) relative to any invariant compact component E i of E. Given an invariant compact component E i of E, we denote by B i C the set of global irreducible curves in C ∩ E i . We put Ind(C; E i ) = 0 if there is no compact curve of C contained in E i . Otherwise, we shall put
where Γ ∈ B i C. Proposition 7 assures that the definition is consistent.
Proposition 7. Let C be a partial separatrix and E
Before giving the proof of Proposition 7, let us introduce the dual graph G N of the compact invariant components. This graph has vertices corresponding to the compact invariant components; two vertices E i , E j are joined by a wedge if and only if E i ∩ E j = ∅. It is the last one of the series of dual graphs G k of the compact invariant components of E k . Since each new invariant compact component is produced by the blow-up of a point, we see that given two compact invariant components E i and E j we have that either E i ∩ E j = ∅ or E i ∩ E j is an irreducible compact curve.
The graph G k+1 is obtained from G k as follows. If the blow-up π k+1 is dicritical, then G k+1 = G k . If the center of π k+1 is a curve, we also have that G k+1 = G k . If π k+1 is non dicritical and the center is a point p k , we have four possibilities:
(1) The point p k does not belong to any invariant compact component of E k . In this case, the graph G k+1 is obtained from G k by adding a new connected component to G k consisting in a single vertex that represents the exceptional divisor E 
is obtained from G k by adding a new vertex that represents the exceptional divisor E 
is obtained from G k by adding a new vertex that represents the exceptional divisor E A chain of length s in G N is any sequence
such that w n = E in−1 ∩ E in is a wedge for n = 1, 2, . . . , s. If we have another chain
starting at E is , we can compose the two chains to obtain c * c 1 = (E i0 , w 1 , E i1 , w 2 , E i2 , . . . , w t−1 , E it−1 , w t , E it ).
Let us consider a complex number µ = 0. The transformed number c(µ) of by the chain c is defined as follows. If s = 0 we put c(µ) = µ. Put
where c s−1 has length s − 1. For α = Ind(F , E is ; w s ), we define c(µ) = −αc s−1 (µ).
Let us denote c −1 the chain obtained by reversing the order in c. By Remark 6 we have that
Lemma 1. Consider a (circular) chain
such that E i0 = E is . For any µ = 0 we have c(µ) = µ. 
Proof. In view of Equation 7 the result is true if and only if it is true for one of the shifted chains
In case (2), up to interchanging the role of v 1 and v 2 the appearance of v may be in one of the following two forms,
The first one is treated as in the previous case. Assume we have the second one. Let us denote
We know that β = −αρ. Consider the circular chaiñ
In view of the fact that
we deduce thatc(µ) = c(µ) and we are done since by induction we havec(µ) = µ.
Case (3) is treated as the previous one.
Now we go to the proof of Proposition 7. Since the compact part of the partial separatrix C is connected, we can join a generic point p 1 in Γ 1 with a generic point p 2 in Γ 2 by a real path γ. Moreover γ may be chosen in such a way that it produces only finitely many changes of irreducible curves in C. The connected change of (trace) irreducible curves of C gives a transition of invariant compact component of the divisor. In this way, we obtain a circular chain
such that if µ is the index for Γ 1 then c(µ) is the index for Γ 2 . By Lemma 1 we have that c(µ) = µ and the proof is ended.
Remark 7. Corollary 2 may now be reformulated by stating that
Real saddles at incomplete points
Here we give a result relating incomplete points and real saddle curves. This is a key point in the proof of Theorem 1.
Proposition 8. Let p be an incomplete point belonging to a compact invariant component E
Proof. As usual we do induction on N − k. If k = N there is nothing to prove, since p is a complete point. Assume that k < N . We assume without loss of generality that p ∈ Y k . Moreover, since p is an incomplete point, we necessarily have that Y k = {p} in view of Remark 3. Now, it is enough to find
We assume by contradiction that all γ ∈ B k i (p) are real saddle curves. First case: π k+1 is a dicritical blow-up. We apply Proposition 6 to the dicritical component E k+1 k+1
to see that
where
. The left hand side of Equation 8 is a negative number but the right hand side coincides with the self-intersection of L in E k+1 k+1 , that is, it has the value +1. This is the desired contradiction.
Second case:
as before and α = Ind(F , E i ; L). Let us consider a generic plane ∆ at p and G = F k | ∆ . The blow-up π k+1 induces a blow-up∆ → ∆ and the transform of G by this blow-up isG = F k+1 |∆. By the properties of the indices of Camacho-Sad we have
Moreover, we have
We know that Ind(F , E k+1 ; L) = 1/α and by Proposition 6 we have
That is
The projection ofΘ gives the desired contradiction.
Uninterrupted Nodal Components
Let us recall the notion of uninterrupted nodal component introduced in [11] . By definiton, an uninterrupted nodal component of F N , E N is a connected union N of irreducible curves Γ ⊂ SingF N satisfying the following conditions:
(1) Each Γ ⊂ N is a nodal curve (see Definition 4).
(2) The component N is uninterrupted in the sense that there are exactly two curves Γ 1 and Γ 2 in N through any point p ∈ N of dimensional type three. Recall that an uninterrupted nodal component N is incomplete if and only if it intersects at least one compact dicritical component of the exceptional divisor E N . Otherwise, we say that N is complete. The next result shows the compatibility between the uninterrupted nodal components and the partial separatrices, in the last step of the reduction of singularities.
Proposition 9 (Global trace transitions). Let N be a uninterrupted nodal component. Consider a partial separatrix C and a compact invariant component E i of the exceptional divisor E. If there is
Proof. The proof is similar to the proof of Proposition 7. Let us consider the dual graph G N as in Proposition 7. Take two curves Γ 0 , Γ 1 ∈ B i C. We can connect Γ 0 , Γ 1 by a circular chain
as in Lemma 1. Now, let us recall that at a point of dimensional type three we have either no curves of N or exactly two of them. In this way, we have the following rule of behavior for the curves Γ ij ⊂ E ij ∩ C that we are considering in the chain c:
If Γ ij−1 ⊂ N and w j ⊂ N , then Γ ij ⊂ N . Let us denote ǫ(w ij ) = −1 if w ij ⊂ N and ǫ(w ij ) = 1 otherwise. Now, it is enough to prove that
This can be done by the same arguments as in the proof of Lemma 1. Now, we consider an intermediate step (M k , F k ) of the reduction of singularities and we will study the transition properties of a fixed complete uninterrupted nodal component N at this level k (see also [11] ). We put
Note that N k ∩ F k is either a single point or a finite union of compact curves.
Proposition 10 (Triple points transitions). Let p ∈ F k be a point belonging to three compact components
Proof. We do induction on N − k. If k = N we are done by the definition of complete uninterrupted nodal component.
Assume that k < N and p ∈ Y k as usual. Since p is in the intersection of three compact components then Y k = {p}. Denote
By induction on p 
We conclude in the same way in the case that L Proof. As usual, we do induction on N − k. If k = N , we are done. Indeed, p does not belong to any dicritical compact component, since p ∈ N and N is complete. Moreover, the alternative in (2) means that N is uninterrupted.
Assume now that k < N and p ∈ Y k as usual. If Y k is a curve, there is only one compact component of E k through p and E k j does not exist. We assume thus that Y k = {p}. Since p ∈ C k is a complete point for C, then π k+1 is non dicritical. Let us denote
at some points. Let q be one of such points. By induction hypothesis on q there is a curve γ * ⊂ E k+1 k+1 with γ * ⊂ N k+1 corresponding to the same partial separatrix C. We conclude that E k+1 j is invariant by induction hypothesis applied at the points of γ * ∩ E k+1 j . Now, assume that Γ ⊂ N k . Hence Γ ′ ⊂ N k+1 . By Proposition 10, we have two possible situations:
. Now it is enough to takeγ the image ofγ ′ by π k+1 . In the case ii) we do a similar argumentation.
Also, if Γ ⊂ N k we have two possibilities:
By the same kind of argumentations we findγ ∈ B k j (C; p) withγ ⊂ N k . The statements relative to the real saddles are consequence of Proposition 6.
Incompleteness of uninterrupted nodal components
As explained in the Introduction, Theorem 1 is a consequence of the following result:
In this section we provide a proof for Theorem 2. We assume that F has no germ of invariant surface and that N is a complete uninterrupted nodal component. We shall find a contradiction with the fact that N is complete.
Let b > 0 be the date of birth of the compact part of N , that is we assume that N k ∩ F k is a single point for 0 ≤ k < b and that N b contains at least one compact curve. Note that N contains at least one compact curve, because π 1 is the blow-up centered at the origin and hence the fiber F = π −1 (0) is the union of the compact components of E. If we take a point q ∈ N ∩ F , the compact components of E through q are invariant, by the completeness of N . If the dimensional type of q is two, the singular locus of F N coincides locally with N and it is contained in the invariant components of E through p. If the dimensional type is three, we have two curves of N , one of them is necessarily contained in a compact invariant component. As a consequence of this we find that 1 ≤ b ≤ N . We consider all the blow-ups we do over Y b−1 and we reach a desingularized situation over the point p. The fiber of p contains a maximal connected union of compact curves in N , say
Each Γ j ℓ is of the form Γ j ℓ = E i ∩ E j ℓ where E j ℓ is non compact. Moreover, by the fact that N is uninterrupted, we have two possibilities: (1) The curves Γ j ℓ represent all the components of E contained in the inverse image of Y b−1 .
(2) There are two noncompact curves γ 1 = E j1 ∩ E j0 and γ s = E js ∩ E js+1 such that γ 1 , γ s ⊂ N and none of the curves E j ℓ ∩ E j ℓ+1 are in N for ℓ = 1, 2, . . . , s − 1. Moreover the concerned divisors are non dicritical. Now, we can apply the refined Camacho-Sad Theorem [20] to a transversal plane section at a generic point of Y b−1 near p. In this way, we find a non compact trace curve of generic index not in R >0 that cuts one of the compact curves Γ j ℓ . Since N is uninterrupted there is a compact trace curve of N contained in E b−1 i , this is the desired contradiction.
In view of Lemma 2 we suppose that π b is a (quadratic) blow-up centered at the point p. We also know that π b is non dicritical, since there is a compact curve Γ ⊂ E such that the index of Θ is not in R >0 . We consider a point q of intersection of L and Θ. If q is a complete point for C Θ , by Proposition 11 we should obtain a trace curve in E b i contained in N b ; this is not possible since b is the date of birth of N . Thus q is an incomplete point. We obtain the following situation for k = b:
is the intersection of two invariant compact components and an incomplete point q ∈ Γ.
If q is complete for C Γ , we apply the trace transitions of Proposition 11 and this contradicts the fact that b is the date of birth of N . Thus the point q is incomplete for C Γ and we arrive to situation A(k) for k = b.
(2). There are two components E of E b−1 through p. We use the same kind of argumentation as in the cases (1) and (2) to reach one of the situations A(k) or B(k) for k = b.
We have identified two situations A(k) and B(k) such that one of them appears in the birth level of the uninterrupted nodal component N . We would like to show the persistency of this phenomenon at further levels of the reduction of singularities. However, another situation must be considered, which is the following: Proof. If π k+1 is centered at Y k with q / ∈ Y k , we obviously reach A(k + 1), B(k + 1) or C(k + 1) at the "same" point q. Thus, we assume q ∈ Y k . Moreover, since q is incomplete, we have Y k = {q}. Indeed, if Y k is a germ of curve, the point q is complete. Then E (a-1). The blow-up π k+1 is dicritical. We consider the strict transform Γ ′ of Γ and a point q ′ ∈ Γ ′ ∩ E k+1 k+1 . In view of Proposition 11 the point q ′ must be incomplete for C Γ and we recover the situation A(k + 1).
(a-2). The blow-up π k+1 is non dicritical. Let us put L = E k+1 k+1 ∩ E k+1 i . (a-2-1). Assume first that L ⊂ N k+1 . If there is an incomplete point q ′ ∈ L we obtain B(k + 1). Thus we assume that all the points in L are complete. We find an incomplete point q ′ ∈ E k+1 k+1 . By Proposition 8, there is a global irreducible curve Γ ′ ⊂ E k+1 k+1 with q ′ ∈ Γ ′ that is not a real saddle. We consider a (complete) point p ′ ∈ L ∩ Γ ′ . Now, by Proposition 11 or Proposition 10 we see that Γ ′ must be contained in N k+1 . This argument also works for all non real saddle curves through q ′ . Hence we find C(k + 1) or B(k + 1) at q ′ . (a-2-2). It remains to consider the case that L ⊂ N k+1 . If there is a point q ′ ∈ L ∩Γ incomplete for C Γ , whereΓ is the strict transform of Γ, we obtain A(k + 1) at q ′ . If not, we consider the transitions given in Proposition 11 to see that C Γ ∩ E k+1 k+1 is contained in N k+1 . Moreover, there exists a point q ′ ∈ C Γ ∩ E k+1 k+1 incomplete for C Γ . We recover A(k + 1) at q ′ .
(b). Assume we have B(k). Put L i = E . Let p ′ = L i ∩ L j . By Proposition 10 we know that π k+1 is a non dicritical blow-up. Moreover, we have that
To fix ideas, suppose that L i ⊂ N k+1 and L j ⊂ N k+1 . If there is an incomplete point at L i we have B(k + 1) at such a point. So we assume that all the points in L i are complete. This means that there is an incomplete point q ′ ∈ E k+1 k+1 \ L i . We repeat at this point the previous argument for the case (a-2-1) and we recover C(k + 1) at q ′ . (c). Let us assume finally that we have C(k). We also suppose that we are not in the situations A(k) or B(k) already studied and hence Γ is a trace curve and q is complete for C Γ . As in case (b), we may assume that π k+1 is non dicritical, otherwise we obtain A(k + 1) at the strict transform of Γ. Let us put L = E . The non real saddle passing through q ′ given by Proposition 8 is then contained in N k+1 , as well as any other non real saddle curve. Thus, we recover C(k + 1) at q ′ . (c-2). Let us assume that L ⊂ N k+1 . Let Γ ′ ⊂ N k+1 be the strict transform of Γ and take a complete point p ∈ Γ ′ ∩ L. By the transition rules in Proposition 11 we obtain that L is a real saddle. If there is an incomplete point q ′ ∈ L we are done, since it satisfies A(k + 1). We suppose that all the points in L are complete and we take an incomplete point q ′ ∈ E k+1 k+1 \ L. Let us see that all the global irreducible curves Θ ⊂ E k+1 k+1 ∩ SingF k+1 are either real saddles or contained in N k+1 . In this way we obtain C(k + 1) at q ′ and we are done. We look at the transitions through L at Θ ∩ L described in Corollary 2. Recalling that the curves in E k+1 i ∩ SingF k+1 arriving at L are either real saddle curves or in N k+1 , we see that Θ is also in N k+1 or a real saddle curve.
As a consequence of Proposition 12 we arrive to A,B or C in the final step, which is not possible since all the points in the final step are complete points. This is the desired contradiction. Thus, the only possibility is that there are no complete uninterrupted nodal components. This ends the proof of Theorem 2.
